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Abstract. We introduce the weighted (factorial) Schur functions and establish the corre- 
spondence between those functions and the (equivariant) Schubert classes for the weighted 
Grassmannians. This generalizes the well-known correspondence between (factorial) Schur 
functions and (equivariant) Schubert classes in the (equivariant) cohomology of Grassman- 
nians. 

1. Introduction 

Let V{d) be the set of partitions with at most d rows. For every A € 'P(d), the factorial 
Schur function s\(x\a) ([2]) is defined as a polynomial in the variables (xi, ■ • • , Xd) and (o;); e N 
(see (|2.ip for the defining formula). They form a Z[a]-module basis of Z[a][x] ed which is the 
ring of symmetric polynomials in x-variables with the coefficients in the polynomial ring of 
a-variables. On the other hand, let Gr(d, n) be the Grassmannian of complex d-dimensional 
subspaces in the complex n-plane C n . The standard n-torus T n action on C n induces the 
T"-action on Gr(d, n) and we have the equivariant cohomology Hj„(Gr(d, n);Z) which is an 
algebra over the polynomial ring H*(BT*:Z) = Z[yi,--- ,y„]. The Schubert varieties in 
Gr(d, n) are T"-invariant subvarieties indexed by the partitions A 6 V(d, n) where V(d, n) is 
the set of the partitions contained in the d x (n — d) rectangle. The corresponding equivariant 
Schubert classes S\ form a Z[yi, • ■ ■ , y n ]-module basis of the equivariant cohomology. The 
factorial Schur functions represent the equivariant cohomology rings of Grassmannians in a 
sense that there is a surjective Z[o]-algebra homomorphism 

Z[a][x} e " -> £ff,(Gr(d,n);Z) 

that sends s\(x\a) to 5a if A G V{d, n), or otherwise ([8j). Here the Z[a]-action on the 
RHS is given by the projection Z[a] — »■ Zkyi,--- ,y n ] sending eij M> — y„+i-j if 1 < i < n, 
or otherwise. This picture specializes to the Schur functions and the ordinary cohomology 
of Grassmannians by setting a-variables and y-variables to zero, i.e. there is a surjective Z- 
algebra homomorphism from the ring of symmetric polynomials in x- variables to the ordinary 
cohomology 

Z[x} e " -> £T(Gr(d,n);Z). 

One of the advantages of these correspondences is that we can study the structure constants 
by multiplying actual polynomials. Similar examples include the (double/quantum) Schu- 
bert polynomials ([HO [10]) f° r (equivariant /quantum) cohomolgoy of full flag varieties and 
(factorial) Schur Q-polynomials ([5JE1II]) for (equivariant) cohomology of Lagrangian Grass- 
mannians, e.t.c. 
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In this paper, we will introduce the weighted (factorial) Schur functions that are obtained 
as a variant of the factorial Schur functions s\(x\a). In the sense mentioned above, these 
functions will present the equivariant cohomology of the weighted Grassmannians introduced 
by Corti-Reid [3]. Below we summarize the results in this paper in detail. 

We introduce the new sets of variables v = (vi,-- - , vj) and w = (w;); £ n- Let v c h := 
vi + • • • + Vd and x c h = X\ + • • ■ + X4. For each partition A G 'P(d), we define the weighted 
factorial Schur function s™(v;x|a) by 

sl{v;x\a) := SA (x v |a™) 

where x v — (x\, • • • , x^) and a vw = (a™)i S N are the shifted sequences of variables defined by 
x\ := Xi —Xch, i = 1, • • • , d, and a™ := a; -Xch, I G N. 

V c h V c h 

These functions lie in the ring Z[w]i oc [a][v]i oc [a;] of polynomials in w,a,v,ir, localized at 

d 

v c h and wa = ^] W A; f° r all A G V(d) 

i=i 

where A^ :— + (d — i + 1) for the number of boxes at the z-th rows of A. More- 
over s™(v;a;|a) is invariant under the simultaneous permutations on v and x variables, i.e. 
s™(v;x|a) G Z[w]i oc [a]([v]i oc [x]) Sl1 for all A G 'P(d). We also define the weighted Schur func- 
tions by s™(v;x) :— s™(v;x|0). Let wSch and wSch be the Z[w]i oc [a]- and Z[w]i oc -submodules 
generated by s™(v;a;|a) and s™(v;x) respectively, i.e. 

wSch := ^2 Z[w]i oc [a] • s™(v; x\a) C Z[w]i oc [a]([v]i oc [a;]) ed and 
Ae^(d) 

wSch := Y, Z[w]ioc-Sx(v;x) cZ[w] loc ([v] loc [x]) ed . 
\ev{d) 

Apparently wSch = Z <S>z[a\ w Sch, but also we can show that wSch = Z[a] <E>z wSch (Lemma 

[23). 

The first part of the main results of this paper is summarized as follows. 

Theorem A. wSch is a Z[w]i oc [a] -subalgebra o/Z[w]i oc [a]([v]i oc [a;]) Sd and {s™(v; x\a)}\(z-p^) 
is a Z[w]i oc [a]-module basis o/wSch. Similarly, wSch is a1i\w\\ oc -subalgebra o/Z[w]i oc ([v]i oc [a;]) ( ' 
and {s™(v; x)} / \g7o(d) is a Z[vj]i oc -module basis o/wSch. 

For the proofs, we rely on the Littlewood-Richardson type formula for the factorial Schur 
functions obtained by Molev-Sagan [1 11 Theorem 3.1.] but particularly we derive and use the 
generalizations of the classical formulas, namely Weighted Vanishing Lemma (Lemma I2.6|) 
and Weighted Pieri Rules (Lemma I2.7j) for the weighted factorial Schur fuctions. 

The second part is to relate the weighted (factorial) Schur functions to the (equivariant) 
cohomology of weighted Grassmannians. Fix an infinite sequence (w/)/gN of non-negative 
integers and a positive integer u. For each n > d, let wGr(d, n) be the weighted Grassman- 
nian assciated to the weight (w n ,-- - , w\) and u, with the standard torus T n -action. The 
bar in the notation reminds us to use the backward order of the weights. The equivariant 
cohomology i?j„(wGr(d, n); Q) is an algebra over H*(BT"; Q) — Q[y±, ■ ■ ■ ,y n ] and recall that 
the equivariant weighted Schubert classes WS\ for all A G V(d, n) introduced in [T] form a 
Q[yi,-" , 2/ n ]-module basis. Similarly the weighted Schubert classes wS\ form a Q-basis of 
ff*(MGr(d,n);Q). 



WEIGHTED SCHUR FUNCTIONS 



3 



Theorem B. We have the algebra homomorphisms 



$ n : wSch -> Fy„(wGr(d, n);Q) 



and $ n : wSch -> iT (wGr(d, n); Q) 



that send (factorial) weighted Schur functions to (equivariant) weighted Schubert classes. 

These homomorphisms are as algebras over Z[w]i OG [a] and Z[w]i oc respectively and their actions 
on the cohomology rings are given by sending 



We will also present wSch and wSch as the cohomology of certain inductive limits con- 
structed from weighted Grassmannians. This gives a topological explanation for the exis- 
tences of the rings wSch and wSch. For each n, there is a natural inclusion wt„ : wGr(d, n) — > 
wGr(d, n + 1) which is equivariant with respect to p n : T n — > T n+1 , (ti, ■ ■ ■ , t„) — >• (1, ti, ■ ■ ■ ,t n ) 
(see Section [3] for the detail). We let 

wGr(d, oo) := limwGr(d, n) and wGr(d, oo) T := lim(i?T n x T n ^}r(d, n)). 

By using a general theory of the inductive/pro jective limits in homological algebras, there 
exist the weighted Schubert classes defined in the cohomology of these limit spaces. Then we 
conclude that there are algebra isomorphisms sending (factorial) weighted Schur functions to 
(equivariant) weighted Schubert classes 



Q®z[w] loc wSch 4 iT(wGr(d,oo);Q) and Q[a] <8> ZNloc[o ] wSch 4 iJ*(wGr(d, oo) T ; Q), 



where Q[a] is the ring of polynomials in a- variables that are possibly infinite linear combina- 
tions of finite degree monomials and the tensor product is given by evaluating w; by wi + u/d 
for all I e N. 
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2.1. Preliminaries. Fix a positive integer d. Let V(d) be the set of partitions with at most 
d rows. For each A 6 V(d), the number of boxes at the z-th row is denoted by b^ where 
i = 1, ■ • • ,d. Let x — (xi, • • ■ , Xd) and a = (a;); G N be sequences of variables. Let Z[a] be the 
polynomial ring in o;'s, by which we mean the ring of finite linear combinations of monomials 
in o;'s with finite degrees. Let Z[x] Sl1 be the symmetric polynomial ring where ©d denotes the 
permutation group on d letters. Recall that the factorial Schur function s\(x\a) is defined as 
follows (c.f. [TT]). For each k > 0, let 



w; i y wi + u/d for all I G N and a/ t—> 




2. Weighted (Factorial) Schur Functions 



(y\a) k := (y - a%) ■ ■ ■ {y - a k ). 
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Define, for each partition A G (d ) , 

(2.1) s x (x\a) := ^M^T^, 

lli<j\ x i x j) 

Although s\(x\a) is a rational function a priori, it is actually a positive degree polynomial 
function that involves finitely many variables. In fact, we have the following combinatorial 
formula 

8\(x\a) = ^ 77 ( x T(a) - OT(o)+c(o)) 
T q£A 

where T runs over all semi-standard tableaux of the shape A with entries in {1, ■ • • , d}, T(a) 
is the entry of the box a in A, and c(a) :— j — i if a is in the i-th row and the j-th column. The 
ordinary Schur functions s\(x) can be obtained by specializing s\(x\a) at a/ = for all I G N. 
The factorial Schur functions form a Z[a]-module basis of Z[a] £g)zZ[x] Sd and the Littlewood- 
Richardson type formula for the structure constants c^ M (a) G Z[a] is obtained by Molev-Sagan 
[IT] . They actually computed more general structure constants c AAt (a, o) G Z[a, b] defined by 

(2.2) s A (x|6) • 8n(x\a) = c^(a, b)s v (x\a), 

i>£P(d) 

where b = (o;); g pj is another infinite sequence of variables. 

Definition 2.1. For each A G V(d), let A = (Ai > ••• > Ad) be the strictly decreasing 
sequence of integers defined by 

(2.3) Ai := b* + (d - i + 1) for alii = 1, • • • , d. 
For each p G "P(d), we introduce a Z [a] -algebra homomorphism 

(2.4) W : Z[a] ® z Z[x} 6 " -> Z[a] by a;, h4 a Pi for all i = 1, • ■ ■ , d. 

Lemma 2.2 (Vanishing Lemma, [T2], c.f. [H]). £ei <2a := Xh=i a A ; / or eac ^ ^ e ^(d)- ^ 1 ° r 
eac/i A, p G "P(d), we ftawe 



(2.5) Vv( s aM«)) = SA(a Pd , ■ 




if At ^ A 
•Op) ifn = X, 

where [A]- is t/ie sei of partitions p such that pCA and \{p~i, • • ■ , p~d} (~1 {Ai, • • • , Ad}| = d — 1. 

2.2. Definition of Weighted (Factorial) Schur Functions. In order to define the weighted 
Schur functions, we introduce new sets of variables w := (w;)( £ n and v = (vi, • • • , Vd). Let 
Z[w] and Z[v] be the corresponding polynomial rings. Let Z[w]i oc be the localization of the 
ring Z[w] at the multiplicative subset 

{w A(1) • • • w AW | A« , • • • , A« G P(d), k G Z>o} 

where wa := Y^t=i w a f° r each A G V{6). Similarly let Z[v]i oc be the localization of Z[v] at 
the multiplicative subset {v£ h | I G Z> } where v c h := vi + • • • Vd. We denote Z[w]i oc [a] := 
Z[w]i oc (g)zZ[a]. Let (Z[v]i oc [x]) Sd be the invariant ring of Z[v]i oc [a:] := Z[v]i oc ®zZ[x] under the 
simultaneous permutations on the variable sets x and v. We denote Z[w]i oc [a]([v]i oc [a;]) Sd for 
Z[w]i oc [a] ®z (Z[v]i oc [2:]) ed . We adapt the same notational convention for Z[w]i oc ([v]i oc [a;]) Sd 
and so on. 

We introduce the shifted sequences x v = (x\, ■ ■ ■ ,x v d ) and a vw = (a™)i 6 N by 

xl := Xi — x c h for all i = 1, • • • , d and a™ := a/ -^ch for all Z e N 

V c h V c h 
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where x c h ■= xi H hxd- We denote 0™ := a™| a ,=0; I G N, and the corresponding sequence 

by VW . 

Definition 2.3. For each A G V(d), the weighted factorial Schur function s™(v;x\a) G 
Z[w]ioc[a][v]iocN is defined by 

^(v;x|a) := SA (x v |a™) 

Similarly for each A G V(d), the weighted Schur function s™(v;x) G Z[w]i oc [v]i oc [x] is defined 

by 

S ^(v;x) :=s A (x v |0™). 

Since s\(x\a) is invariant under the permutations on x-varianbles, it is not hard to see from 
this definition that s™(v;x|a) is invariant under the simultaneous permutations on x and v 
variables, i.e. 

s™(v;x|a) G Z[w]i oc [a]([v] loc [a;]) ed and s™(v;x) G Z[w] loc ([v] loc [x]) 6 " . 

Example 2.4. We list a few examples of s™(v;x|a) and s™(v;x). Let w c h := Xh=i w » an< ^ 
°ch := 2Zi=i a i- Let □ G 'P(d) be the partition given by — 1 and &E? = • • • = b^ 1 = 0. 

(2.6) s n (v;x|a) = — x ch - a ch 

v ch 

(2.7) Sp(v;a;) = —x ch 

V c h 

Let A G V(d) be a partition with one box only at the first and second row, i.e. b^ = b% = 1 
and b§ = ■ ■ ■ = b* = 0. Then 



(2.8) sx(v,x\a) = ^ (xi-ai-— — —x ch ) (xj - a,-_i - V W ''~' 



. . V c h V c h 

l<z<^<a 



Xch 



Definition 2.5. We extend the homomorphism ip^ to a Z[w]i oc [a] -algebra homomorphism 

ip™ : Z[w] loc [a]([v]i oc [x]) Sd ->• Z[w] loc [a]; x { i-> and v.j h4 for alii = 1, • • • ,d. 

Observe that this is well-defined since v c h maps to w M ^ 0. We denote ijj™ by ip^ when there 
is no confusion. 

Lemma 2.6 (Vanishing Lemma). For each A, /i G "P(d) 7 we /iave 

i/M7$A 



^(s™(v;x|a)) 



Proof. Let a M = ((a^););^ be the fi-shifted sequence of a defined by 

(a^i := ai a M . 

Since WW) = (a M )p, for i = 1, • • • , d and W( a D = <> M )z for 1 G N, we find from (23) that 

if m 2 A 

Ip6[A]- 



^(^(x v |a™)) = saIKK, ■ • ■ , KkK) 



np 6f AlJ(« A )A-(« A ),) if £i = A. 



We finish the proof by computing 



(a )a - (a )p = oa a a - flp a a = — a A - a p . 



□ 
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2.3. Algebras of weighted (factorial) Schur functions. Let wSch be the Z[w]i oc [a]- 
submodulc of Z[w]i oc [a]([v]i oc [a;]) ed generated by s™(v; x\a)'s: 

wSch := ^2 Z[w]i oc [a] • s%(v;x\a). 
\ev{d) 

Similarly let wSch be the Z[w]i oc -submodule of Z[w]i oc ([v]i oc [a;]) ed generated by s™(v;x)'s: 

wSch := Z[w]i oc • s™(v;x). 

Our goal in this section is to show that these submodules wSch and wSch are acutually 
subalgebras and also to prove that the weighted factorial Schur functions form a Z[w]i oc [a]- 
module basis of wSch. The linear independency of weighted Schur fucntions will be postponed 
until Section |4j 

To begin with, observe that we have 

(2.9) a f(y;x\a , )-8»(y 1 x\a)= £ c^>™,a'™>-(v;x|a) 

by substituting a M> a™, a' h-> a' vw and x M> x v in (12. 2[) . This is not an expansion formula 
of a product of two weighted factorial Schur functions over a- and a'-variables: one should 
notice that each (a'™ ,a vw ) contains x- variables. Here, the product is taken in the ring 
Z[w]ioc[o] ® Z[w'] loc [a'] ® (Z[v] loc [x]) ed . 

Lemma 2.7 (Weighted Pieri Rule). 

(2.10) s£(v;x\a')-s™ x (v;x\a) = f^a A - < h ) ^(v; x\a) + £ (v; x\a) 

(2.11) ^(v;x).^(v;x) = £ ^,(v;x) 

Proof. From Theorem 3.1. in |11) . we find that 

s a {x\a') ■ s x (x\a) = (a A - a^. h )s A (a;|a) + s A '(x|a). 

A'-s-A 

By substituting a M> a vw , a' M> a' vw ' and x n- x v as in ()2.9p . we obtain 

sn^la 7 ™') • SA(^ v |a™) = (a v A w - a r>A^ v |a vw ) + ^ s v (.T v |a™) 

A'^A 

By the definition of a™ and (|2.6p . we have 

vw /vw' / / \ w a - w^. h w A w A - w^ h / 

a A - a ch = ( fl A - a ch ) ^ch = {ax r a ch ) s a (v; x|a ) 

v c h w ch w ch 

After substituting this to the previous equation, it is straightforward to obtain the desired 

formula. □ 

Lemma 2.8. As submodules o/Z[w]i oc [a]([v]i oc [a;]) s ' i , we have 

wSch = Z[a] ® wSch . 

Proof. First we prove that wSch C Z[a] ® wSch, i.e. for each A, s™(v;x\a) E Z[a] eg) wSch. 
Setting /i = 0, = and = for all i G N, and substituting et' ; \-> ai for all i G N in (|2.9|) . 
we obtain 

«5[(v;x|o)= J] < (O™, a ™K(v;x). 
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Since a™ = at - W/f^ and 0™ = -w;f^, c^ (a vw , VW ) is a polynomial in x ch /v ch with 
coefficients in Z[w]i oc [a]. Since we have (12.71) . the weighted Pieri rule (I2.11j) implies that 
s™(v;x|a) is a linear combination of s™(v; x) over Z[w]i oc [a]. Thus we conclude that s™(v;x|a) G 
Z[o] ® wSch. 

To prove that wSch D Z[a] ® wSch, it suffices to show that s™(v; x) G wSch for each A. We 
use the similar argument as above. After setting fi = and aj = for all Z G N in (|2.9j) . the 
equation (|2.6p and the weighted Pieri rule (|2. 10[) imply that s™(v; .t) G wSch. □ 

Proposition 2.9. wSch is a Z[w]\ oc -subalgebra of Z[w]i oc ([v]i oc [a;]) ed . In particular, wSch is 
a Z[w]\ oc [a]-subalgebra o/Z[w]i oc [a]([v]i oc [x]) ed . 

Proof. By evaluating ai = a[ = and w[ = w; for all Z G N in (|2.9p . we have 
«5:(v;x). S *(v; a! )= X! ^(0™,0™)^(v;x). 

Since c^^(a, a) is a polynomial in {ak — ai, k, I G N}, c^ M (0 vw , VW ) is a polynomial in 

£ch / x ch\ / \ x ch , \ s n( v i ;r ) 

-W fc -W; = -(Wfe - W/j = -(W fc - W;j . 

Vch \ V c h J V c h Wch 

Therefore by the weighted Pieri rule (|2.1ip . the product s™(v;x) • s™(v;x) is a linear combi- 
nation of {s™(v; x)\us,v{<5) over Z[w]i oc . Now the latter claim follows from Lemma \2. 81 □ 

Proposition 2.10. {s™(v; x\a)}\ e -p^) is a Z[w]i oc [a] -basis o/wSch. 

Proof. By the definition of wSch, it is sufficient to show the linear independency. Suppose 

/a( w >«) ' s a( v ;^|o) = 

Ae-p(d) 

for some /a's in Z[w]i oc [a]. Let \x be a minimal (with respect to the inclusion) partition among 
those A such that f\ is not identically zero, i.e. there is no A such /iCA and fxj^O except fi 
itself. Thus by the Vanishing Lemma 12.61 we have 




Since Z[w]i oc [a] has no zero divisor, we have fx = 0. This is a contradiction. □ 

3. (Equivariant) Cohomology of Weighted Grassmannians 
In the rest of the paper, all cohomologies are over Q-coefficients unless otherwise specified. 

3.1. Review of Weighted Grassmannians and Weighted Schubert Classes. Let us 

fix an infinite sequence {wijigN of non-negative integers and a positive integer u. In this 
section, we recollect from [TJ a few facts about the cohomology of the weighted Grassmannians 
wGr(d, n) with the weight (w\, ■ ■ • , w n ) = {w n , • • • , w\). 

For a natural number n > d, let ^(d, n) be the set of partitions that are contained in the 
d x (n — d) rectangle. Upon a choice of n, we identify V(d, n) with the set {[]} of subsets of 
{ 1 , • • • , n } with cardinality d by 

(3.1) A {Ai < ■ ■ • < Ad} where Ai := n + 1 — A,, i = 1, — , d 

where Ai is defined at (|2.3p . 
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Let {ei, • • • , e n } be the standard basis of C n for each n > d. We define aPl(d, n) to be the 
image of 

C n x ■ ■ ■ x C" -» A d C n , (a 1} ■ ■ ■ ,a d ) H- a t A • • • A a d 

d 

and let aPl(d, n) x := aPl(d, n)\{0}. The standard action of the n-dimensional complex torus 
on C" induces an action of T£ on aPl(d, n) x . The twisted diagonal subgroup wQc of T£ is 
defined by 

wDfc := {(t dai+u , ■ ■ ■ ,t da " +u ) | t G C x }. 

The weighted Grassmannian wGr(d, n) for the weights (w\, ■ ■ ■ , w n ) is defined by 

wGr(d,n) := aPl(d, n) x / wQ£ . 

The real subtorus T n in acts on wGr(d, n) through the quotient map T n — >• wR n_1 := 
T"/T n n wDp. There is the bijection between P(d, n) and the fixed point set F n for the T n - 
action on wGr(d, n) sending A 6 {[]} = V(d, n) to the equivalent class of e\ ± A ■ ■ ■ A e\ 6 which 
we denote by [ex]. 

The linear inclusion A d C n h-> A d C n+1 sending e\ 1 A ■ ■ ■ A ex d *-> e^+i A • • • e\ d +i for each 
{Ai < ■ ■ • < Ad} G {3} induces a map t n : aPl(d, n) x — > aPl(d, n + l) x . This is equivariant 
under the homomorphism p n : T£ — > T^ +1 which sends (t±, ■ ■ ■ , t„) to (1, fi, ■ ■ ■ , t n ), and hence 
induces the p„-equivariant map 

wi n : wGr(d, n) — > wGr(d, n + 1). 

This restricts to the inclusion F n ^ F n +i which corresponds to the natural inclusion V(d, n) C 
V(d, n + 1) and the inclusion { n d } ^ {"+ 1 } given by {Ai < • • • < Ad} n- {Ai + 1 < ••• < Ad + 1}. 
Let yx, ■ ■ ■ ,y„ be the standard basis of the weight lattice Lie(T n )J for every n. We identify 
H*(BT n ) — Q[yi, ■ ■ ■ ,y n ] and p n induces the projection 

p* : Q[yx,- ■ ■ ,y n+1 ] ^ Q[y 1: - ■ ■ ,y n ]; yi i-> and t-> for all 2 < i < n + 1. 

Recall that for each A 6 P(d, n), the equivariant weighted Schubert class wS*" is defined as a 
class in H1 R „_ 1 (wGr(d, n)) and that they form a H*(B wR n_1 )-basis. We use the same symbol 
wS*" for the image of wS^ under the map H1 R „_ 1 (wGr(d, n)) ^-s> Hj „ (wGr(d, n)) induced by 
the quotient map T n — > wR"" 1 . The following are easy to check and will be used in the rest 
of the paper. 

(i) The equivariant weighted Schubert classes wS\,\ G V(d, n) form a Q[yi,--- ,y n }~ 
module basis of _ffj„(wGr(d, n)). 

(ii) The restriction map 

iJf,(^r(d,n))-+iJf,(F n ) = fff([e M ]) = Q[ Vl , ■ ■ ■ , y n ] 

is a Q[yi, • ■ • , 2/ n ]-algebra homomorphism, and it is in fact injective. The image wS""^ 
of wS^ at the fixed point [e M ] G F n is computed in [1] Proposition 6.1.] ; 

~ II}' 

w5SU = *A(-(^ 1) ---,-(» /i ) w |-(» /i )n > - ••,-(»")!), (yni = Vi-^y» 

where := X) i=i and w p := Y,t=i «V 
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(iii) The pullback map wt* : H*„ +1 (wGr(d, n + 1)) — ► Hj„ (wGr(d, n)) is a Q[t/i,-- - , y n +i\ 
algebra homomorphism with respect to p* and for each fj, e V(d, n), we have 



wi:(w^ +i ) 



wS*^ if A G 7>(d, n), 
ifA£P(d,n). 



In particular, wt* is surjective. 
(iv) For each A e 7>(d, n), the weighted Schubert class wS\ is the image of wS\ un- 
der the natural map Hj „ (wGr(d, n)) — > iJ*(wGr(d, n)) and they form a Q-basis of 
ff*(wGr(d, n)). The pullback map wl* : (wGr(d, n + 1)) iJ*(wGr(d, n)) satisfies 

/WSJ ifAGP(d,n), 
[0 ifA£P(d,n). 

In particular, wt* is surjective. 



3.2. Cohomology of wGr(d, oo). By using the inclusions {wt„, n G N}, we define 
wGr(d, oo) :— limwGr(d, n) = wGr(d, n). 

Since wt* is surjective for each n, we have lim 1 i? fc (wGr(d, n)) = for each k. Therefore there 
is the Q-linear isomorphism 

ff fe (wGr(d, oo)) -> limi? fe (wGr(d, n)) for each k > 0. 

The cup products on _ff*(wGr(d, n)) for all n G N canonically define a structure of Q-algebra 
on the direct sum of limiJ fc (wGr(d, n)) over all k > and we have 

Proposition 3.1. The inclusions induces a canonical Q-algebra isomorphism 

iP(wGr(d,oo)) -> limi? fe (wGr(d, n)). 

k>Q 

The property (iv), together with this proposition, defines the classes wS™ in _ff*(wGr(d, oo)) 
such that the pullback ff fe (wGr(d, oo)) -> J ff fc (wGr(d, n)) sends wS A °° to wS£ if A G V{6, n) 
and otherwise. 



Proposition 3.2. {wS'^ c } Ae p(d) forms a Q-basis of _ff*(wGr(d, oo)). 
Proof. For each A: > 0, the pull back gives us an isomorphism 

ff fc (wGr(d,oo)) S # fc (wGr(d,n)) = Q-wS n x 

lEP(J,n) 
l(A) = fc 

for a sufficiently large n > k where /(A) = 5Z i=1 6^ is the number of boxes in A. By the 
definition of the elements {w5^°}, they correspond to {wS*"} which is a Q-basis of the image, 
the claim follows. □ 
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3.3. Cohomology of equivariant analogue of wGr(d,oc). Let ET" — > BT" is a universal 
principal T n -bundle in which ET" is contractible. We choose a p n -equivariant continuous 
map ET" ET n+1 for each n. Hence we have the induced maps p' n : BT" — > BT n+1 whose 
cohomology pullbacks are exactly the surjection p* . Let BToo := lim BT" be the corresponding 

inductive limit. As in the last section, there is no lim 1 and hence we have a Q-algebra 
isomorphism 



(3.2) H* (BToo) = lim Q[j/i , • • • , y n 



(fc) 

fc>0 



where Q[f/i,--- ,y n ] ( - fe - ) is the component of the cohomological degree 2k. Let (l//);eN be an 
infinite sequence of variables and let be the ring of polynomials in j7 ; 's which are possibly 
infinite linear combinations of finite degree monomials. Then the RHS of Q3.2p can be identified 
with Q[y] through the homomorphisms 



[yu-- >2/nJ; Vi 



Vn+i-i if 1 < I < n 
if Z > n. 



By using the p n -equivariant map wi n , define 

wGr(d, oo) T := \un{ET" x T " wGr(d, n)), 
then we have the commutative diagrams for all n: 
(3.3) wGr(d,oo) T -* ET" x T " wGr(d, n) 



BT X * BT" 

Note that the cohomology i/*(wGr(d, oo)t) and the pullback wi* do not depend on the choices 
of ET n, s and the maps ET" — > ET" +1 up to isomorphisms. 

As in the last section, we have no lim 1 term for the propjective system {Hj„ (wGr(d, n)), wt*} 
for each k, therefore the top map in the above diagram induces the Q- algebra isomorphism 

(3.4) iT (wGr(d,oo) T ) -> @limi?£,(wGr(d, n)). 

fe>0 

Since the right vertical maps of (|3.3[) commute with p' n and wTn : ET" Xy wGr(d,n) — > 
ET" +1 x T n+i wGr(d, n + 1), the ring Q[y] acts on the RHS of (|3~4|) . Thus, by the commutativity 
of (|3.3|) . the map (|3.4|) is actually a Q[y] -algebra isomorphism. With the property (iii), 
the isomorphism Q3.4p defines the classes wS^° in iJ*(wGr(d, oo)j) such that the pullback 
#*(wGr(d, oo) T ) -> -ffT„(wGr(d, n)) sends wS^ to wS" x if A € V(d, n) and otherwise. Finally 
it is not difficult to see from the RHS of fl3.4[) that wS^, A G V(d) form a Q[y] -module basis 
of i7*(wGr(d, oo)t). We conclude this section by summarizing above as follows. 

Proposition 3.3. i?*(wGr(d, oo)t) is a Q[y]-algebra and there is a Q[y]-module basis {wS^, 
A e V(d)} such thatwS^ maps to wS^ under the pullback iJ*(wGr(d, oo)t) ->• -fff„(wGr(d, n)) 
for each n. 
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4. Correspondences of functions and cohomology 

Recall from Proposition 12. 9[ wSch is a Z[w]i oc [a]-subalgebra of Z[w]i oc [a]([v]i oc [x]) Sd . Let 
{w/}; 6 n C Z>o and u G Z>q. For each n G N, define a ring homomorphism 



-y n +i-i if 1 < I < n 
IS if Z > n 



ip™ : Z[w]i O0 [o] Q[yi,--- ,yn]l wi ^ n + u/d and fli ^ 
where I runs all the natural numbers N. It is well-defined since 

d d 

»=1 j=l 

These y>™ 's induce the algebra homomorphism 

<£>™ : Z[w]ioc[a] — > a z ^ an d w; h4 w; + u/d for all I G N. 

Theorem 4.1. There is a Z[w]i oc [a] -algebra homomorphism 

'wS" x !/AeP(d,n), 
otherwise. 



$ n : wSch -> _ffj n (wGr(d, n)); s™(v; ir|a) M> 



where the action of Z[w]i oc [a] on the RHS is given by if™. In particular, this defines a 
Z[w]i oc [a] -a/ge&ra homomorphism 

$oo : wSch-*.ff*(wGr(d,oo) T ); s%(y; x\a) \-¥ wS^ 
where the action Z[w]i oc [a] on the RHS is given by (p^. 

Proof. Consider the Z[w]i oc [a]-algebra homomorphism 

(4.1) wSch — — TT Z[w] loc [a] TT Q\yx,---,Vn] 

where the second map is given by (p™ if /i G V(d,n) and a trivial map if otherwise. If 
A 7>(d,n), then for all fi G ^(d, n), we have /j ^ A and therefore the image of s™(v;x\a) 
under (|4.1I) is 0. If A G 7- ) (d, n), then for all /i G V(d, n), under the map (|4.1I) we have 

tffczla) & ^((a*)*,---,^)^), (a*), = a, - -%i 

S sxi-WU,--- ,-(^U|-(y M )nr-- , -(^)i,0,0, •••), = w - 

Here for the second map, we have used the fact that SA(a;|a) does not involve aj for all i > n if 
A G ^(d, n) by definition. The property (ii) in Section [3Tl implies that the image of s™(v; x\a) 
is exactly the restriction of wS 1 ^ to the fixed points if A G V(d, n) and otherwise. Moreover 
it follows from the injectivity in (ii) that the map ()4.1j) factors through the desired map 
$ n : wSch — > i?j„(wGr(d, n)). By introducing degx^ = dega; = 2 (and degVi = degw; = 0) 
for all z = 1, • • • , d and / G N, the map <!>„ is a homomorphism as graded Q-algebras. The 
obvious commutativity wt n o $ n +i = 3> n allow us to take the projective limit of the maps $ n 
on each degree, and taking their direct sum, we obtain the desired map <I>cio- O 

By tensoring Z over Z[a] with respect to the homomorphism Z[a] — > Z, (at h-> 0), we obtain 
the Z[w]i oc -algebra homomorphism $ n := Z <8>z[ ] $n 

$ n : Z ® z[a] wSch Z g> z[a] 7^„(wGr(d, n)). 
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The LHS is exactly wSch by Lemma 12.81 The action of Z[a] on Hj„ (wGr(d, n) is through 
Z[o] — > ■ • • , 2/ n ] that sends a, to y n +i-i if 1 < i < n and otherwise. Therefore the RHS 
is £P(wGr(d, n)). Thus the following is an immediate consequence. 



$ n : wSch-> ff*(wGr(d, n)); s^(v;a;)^ 



Theorem 4.2. For eac/i n G N, f/ie map $ n induces the Z[w]\ oc -algebra homomorphism 

wS^ !/AeP(d,n), 

otherwise. 
In particular, this defines a Z[w]i oc - algebra homomorphism 

$00 : wSch -> iJ*(wGr(d, oo)); s^(v; x) wS£°. 

Proposition 4.3. TTie weighted Schur functions s™(v;x),\ G 'P(d), /orm a Z[w]i oc -mo(iiile 
basis o/ wSch. 

Proof. It is enough to check the linear independency. Suppose that 

]T / A (wK(v ;a ;)=0 
Ae-p(d) 

for some /a(w) G Z[w]i oc . There exists n such that, for all A appearing in the sum, /a(w) 
involves only wi, • • • , w n . Then $ n send the equality to 

fx(wi + u/d,--- ,w n +u/d)wS n x = 0. 

Ae-P(d) 

This holds for arbitrary Wi, ■ ■ ■ ,w n G Z>o and u G Z>o and since {wS , "} / \ e -p( d n ) is a linearly 
independent set, we conclude that /a(w) is identically for all A appearing in the sum. □ 



Remark 4.4. The homomorphisms <&oo in Theorem 14.11 and $00 in Theorem 14 . 2 1 can be made 
into isomorphisms by evaluating the w- variables. Namely, let 

wSch := Q ® z[w]loc wSch G (Q[v]iocN) Sd 

wSch := QH®z Wloe [a]wSdicQH([v] loc [i]) 6d . 

where the tensor products are given by Z[w]i oc — > Q (wj n- Wi + u/d). Then clearly and 
$00 induce the isomorphisms 

$™ : wSch 4 iT (wGr(d, 00)) and $™ : wSch 4 £P(wGr(d, oo) T ). 

Here $™ is an algebra isomorphism with respect to Q[a] = Q[y] defined by a; n> — ~y l for all 
I G N. Then these isomorphisms send the evaluated weighted (factorial) Schur functions 

s a( v ; x ) '■= s \(^ x )\w l=Wl +u/d,ieN and s™(v;x\a) := s™(v; x\a)\ Wl =Wl+u / d , len- 
to wS 1 ^ and wS^ respectively. 
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